Abstract. Optical fibers are made of glass with different refractive indices in the (inner) core and the (outer) cladding regions. The difference in refractive index arises due to a rapid transition in the concentration of a dopant across the boundary between these two regions. Fibers are normally drawn from a heated glass preform, and the different dopant concentrations in the two regions will change due to dopant diffusion and convective transport induced by the flow. In this paper, we analyze a mathematical model for the dynamics of dopant concentration changes during the fiber drawing process. Using a long-wave approximation, we show that the governing equations can be reduced to a simple diffusion equation. As a result, we are able to identify key dimensionless parameters that contribute to the diffusion process. We also derive asymptotic solutions for the temperature, cross-sectional area, and effective diffusion coefficient when there are strong temperature dependencies in the viscosity and the diffusion coefficient. Our simplified model and asymptotic solutions reduce the need for extensive numerical simulations and can be used to devise control strategies to limit excess dopant diffusion.
1. Introduction. Optical fibers are drawn from a heated glass preform using mechanical pullers. The glass preform is fabricated so that there is a difference in the refractive index between the fiber core and the outer cladding region. This refractive index difference is achieved normally by adding a dopant to the inner core region [4] . Typically, dopant materials, such as oxides of germanium, phosphorus, and boron, are deposited in pure silica in the perform. However, during drawing, splicing, and fusion, the refractive index may change due to diffusion of the dopant in the glass [7, 11] .
Compared to dopant concentration changes due to splicing and fusion of these fibers, dopant concentration changes during fiber drawing would appear to be more complicated since dopant diffusion depends not only on temperature, but on a number of other factors, including the mechanics of the drawing process. In Lyytikäinen et al. [5] , numerical simulations and an experimental study of specialized fibers have been carried out. For relatively low drawing speeds, it was shown that diffusion can cause a small, but visible spreading of the dopant. It also was shown that larger drawing speeds and lower furnace temperatures both reduce the diffusion of dopant. Their simulations ignored advection of dopant by the flow and were based on a simple diffusion equation with only a radial component. Their experiments and simulations compare favorably, which indicates that the key mechanism is captured by simple radial diffusion; however, it is not clear why this is the case and whether this assumption will hold for other parameter values. On the other hand, Yan and Pitchumani [11] carried out a full numerical simulation of the drawing process, including dopant diffusion. Although the fiber surface is a free boundary, they simplified their computations by using a prescribed surface boundary based on previous numerical studies of the drawing process by Lee and Jaluria [6] . Contrary to the conclusion in Lyytikäinen [5] , the numerical simulations by Yan and Pitchumani [11] show that a significant amount of diffusion occurs during the drawing process, in spite of a similar drawing environment and higher drawing speeds, which should reduce the amount of diffusion.
In this paper, we analyze a mathematical model for dopant concentration changes during optical fiber drawing. Based on an asymptotic analysis of this model, we are able to show that the diffusion of dopant is governed by a simple diffusion equation with only a radial component, as used by Lyytikäinen et al. However, the molecular diffusion coefficient used in [5] must be replaced by an effective diffusion coefficient, which includes a 'history' factor. For typical parameter values, we show that the effective diffusion coefficient is determined mainly by two dimensionless parameters, namely, the Peclet number based on the diffusion coefficient for dopant, and a parameter that quantifies the heating strength. For large changes in viscosity, we derive analytical expressions that are uniformly valid asymptotic expansions for velocity, radius, and temperature. This allows us to find simple expressions for the effective diffusion coefficient that clearly show the way in which all of the parameters affect the diffusion process and hence reduces the need for extensive numerical simulations.
The paper is organized as follows. In Section 2, the mathematical model for glass optical fiber drawing is given and subsequently simplified. We derive explicit approximations for the temperature and cross-sectional area in Section 3. For these approximations, we considered two cases, one with cooling and one without cooling. In Section 4, we derive asymptotic approximations for the effective diffusion in the case of no cooling.
2. Problem Description. In a typical setup for glass optical fiber drawing, a cylindrical preform with radius R 0 and temperature T 0 is fed through an input nozzle into a heating and cooling device with speed u 0 , see Figure 2 .1. At a distance L from the input nozzle, the fiber is pulled out of the device by a roller. Between the input nozzle and a distance L f < L, the fiber is inside a furnace and is subjected to heating. This heating causes the viscosity of the glass to dramatically decrease, and thus facilitates rapid stretching of the fiber with moderate forces. Between the end of the furnace and the roller, the fiber is cooled by natural and forced cooling. At the nozzle input, the dopant concentration c = c 0 (r) will be assumed to be a given function of the radial distance from the fiber axis, r. The aim of this study is to understand how the heating, cooling, and the stretching process, as well as the diffusion and advection of the dopant, affect the dopant concentration profile when the fiber exits the device. We note that throughout this paper, subscripts 0, f , and c refer to quantities associated with the input nozzle, furnace heating, and cooling, respectively.
Heating Zone -Cooling Zone - 2.1. Mathematical model. We assume that the glass fiber is an incompressible fluid with temperature-dependent viscosity. Also, we assume that the dopant concentration has negligible effect on the density, viscosity, and conductivity of the glass, the fiber remains axisymmetric, and the drawing conditions are in a steady state. Under these assumptions, the governing equations for mass, momentum, energy, and dopant concentration are given by [11] 
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where z is the distance from the input nozzle measured along the axis of the fiber, u and v are the velocity components in the axial and radial directions, respectively, p is the pressure, T is the temperature, c is the dopant concentration, ρ is the density, µ is the viscosity, c p is the specific heat, k = k T + k R is the effective conductivity [11] , and D is the molecular diffusivity of the dopant. We observe that the mass, momentum, and energy equations decouple from the dopant equation.
The boundary conditions at the inlet of the furnace are
At a fixed downstream location, we assume the velocity is known
At this downstream location, boundary conditions also are needed for the radial component of the velocity v, the temperature T , and the dopant concentration c. However, we will show that in the asymptotic limit of the long wave approximation, such boundary conditions do not play a significant role outside of a thin region near this boundary. The lateral fiber surface r = R(z) is a free boundary at which the following dynamic and kinematic conditions must be applied
where the prime denotes differentiation with respect to z, σ is the stress tensor, n = [(
T is the outward normal vector to the glass surface,
T is the corresponding vector in the tangential direction, κ is the mean curvature, and Γ is the surface tension coefficient. The boundary condition for temperature at the fiber surface depends on whether the fiber is inside or outside of the furnace. In Lee and Jaluria [6] , the heat flux q is specified when the fiber is inside the furnace. In general, q depends on many factors, such as the furnace wall temperature profile, inert gas flow, and the dimensions of the furnace, as well as the fiber temperature. We will assume that the heating/cooling follows the standard Newton's cooling law
where T f and T c are the furnace and background temperatures, respectively, and h f and h c are the heat transfer coefficients for the heating from the furnace and cooling to the background, respectively. For simplicity, we will assume that the background temperature is the same as the temperature at the nozzle input, that is T c = T 0 , although generalization is straightforward. Finally, the dopant concentration satisfies the no-flux boundary condition
at the fiber surface r = R(z) and the regularity condition
at the axis of the thread r = 0. For the glass fibers used in typical optical fiber fabrication, the viscosity of the fiber varies rapidly with temperature. This rapid variation plays a fundamental role in controlling the dynamics. Empirical data for glass, [8, 3] and references therein, show that the viscosity can be well approximated by an Arrhenius formula or an exponential law. In this paper, we will use the exponential law in the form
where µ 0 is the viscosity of the thread at T 0 and G µ is a constant. The diffusion coefficient for the dopant also is normally assumed to follow the Arrhenius formula where G D is the activation energy divided by the universal gas constant and D ∞ is the diffusion coefficient at high temperatures.
Dimensional analysis.
We nondimensionalize the governing equations using the following scalingsẑ
Substitution of these scalings into (2.1)-(2.4) yields the following dimensionless parameters, which we list along with their order of magnitude estimates based on the typical parameter values [5, 6, 11] that are listed in Table 2 .1.
and
Here D r is the draw ratio, δ is the aspect ratio, Re is the Reynolds number, λ is the ratio of surface tension forces to viscous forces, and Bi is the Biot number. The parameters α µ and α D measure the changes in the viscosity and the diffusion coefficient as the temperature varies between its initial value and the heater temperature, respectively, Θ is the ratio of the initial temperature to the difference between the heater and initial temperatures, P is the Peclet number for the dopant, H f and H c represent the dimensionless strengths of the heating and cooling, respectively, and represents the proportion of the length of the device that is heated by the furnace. We note that the Biot number estimated here is consistent with the value cited in [6] , who estimate the heat transfer based on an estimate for the heat flux.
2.2.1. Flow and temperature equations -simplifications. The mass, momentum, and temperature equations clearly decouple from the dopant equation, and we begin by simplifying these equations. Based on the parameter values given in 
where H is the Heaviside step function, s = R 2 , and
The derivation of these equations can be found in a number of references, cf. [1, 2, 9, 10] . The boundary conditions are given by where where
is the effective pulling force that will be obtained by using the boundary condition at z = 1. Using (2.14) and the first equation in (2.23) to eliminate u and u z in the equation in (2.14) and the temperature equation (2.16), we obtain a system of two coupled first-order ordinary differential equations for s and θ
24) (2.27) and using the following coordinate transformation (z, r) → (τ, ξ) defined by
The quantity
will be called the effective diffusion coefficient, and we obtain The exit of the heating and cooling device is located at τ = 1.
3. Asymptotic Solution for θ and s. We consider two cases: first without cooling ( = 1) in which the furnace heats the entire thread, followed by the case with cooling ( < 1) in which the furnace heats the initial portion of the fiber whereas the remaining portion is subjected to cooling.
3.1. = 1. Introducing the scaled effective force F = 2F e αµ / ln D r , we can rewrite the system (2.24) and (2.25) as
subject to boundary conditions s(0) = 1 and θ(0) = 0. From the above two equations, we obtain
Integrating and using the boundary conditions, we obtain
where
x dx is the exponential integral. Note that up to this point no approximation has been made. To proceed further, we exploit the fact that viscosity varies rapidly with temperature, that is α µ 1. Note that the exponential integral has the following asymptotic approximations
where γ = 0.5772 . . . is Euler's constant. From (3.2), we have
which can be solved to give
Clearly, 1 − θ → 0 as z increases to 1 for H f 1. Thus, for z H −1 f , we have
we haveθ
which can be integrated to obtain
where C 1 is an integration constant. Next, we match the above solution with (3.6) to obtain
or returning to the original variable,
Given θ, we can find s using (3.4). The scaled pulling force F can be obtained by substituting z = 1 into (3.13) and (3.4) and using the condition s(1) = D −1 r . Using the fact that α µ 1 and the asymptotic properties of E 1 , we obtain
In general, to obtain F, this equation must be solved numerically. But for typical parameter values, we have
and so we can obtain an asymptotic estimate for F in closed form
In Figure 3 .1, we plot the asymptotic and numerical solutions, and it can be seen that the agreement between the two solutions is excellent. 3.2. < 1. When there is cooling, the previous solution is valid up to the location z = , but for z > , the area and temperature are determined from (2.24) and (2.25)
subject to the boundary conditions s( ) = s and θ( ) = θ . We rescale the variables using
and equations (3.17) and (3.18) become
and subject to ϑ(0) = 0 and s(0) = 1. From (3.19) and (3.20), we can obtain
Using ϑ(0) = 0, s(0) = 1, and integration by parts, we obtain
Given typical parameter values, one can readily see that the scaled temperature ϑ at the exit is much greater than −1 . Therefore, /(1 − ϑ) 1, and equation (3.22) can be approximated as
We now proceed with three different cases: A = 1, A < 1, and A > 1. using the boundary condition ϑ(0) = 0. Thus, the leading-order solution for s is
Case 2. A < 1. Note that A is the scaled cooling strength, and when A < 1, we expect that the temperature is bounded below by A = 1. Using the solution in Case 1, we note that ϑ is a monotonically increasing function with a maximum value
The quantity ϑ max is an order one quantity as long as ln(ln(D r )) −1 , so we conclude that ϑ also will be an order one quantity.
Having established that ϑ =O (1), we can approximate (3.23) by
From (3.20), we obtain
which can be integrated to give
after applying the condition ϑ(0) = 0. Note that this solution also applies to the case of A = 1 by taking the limit A → 1, which yields (3.26). The solution for s can be obtained as
Case 3. A > 1. In this case, we need to consider two scenarios: when ϑ =O(1) and when ϑ is large.
(
, the analysis is identical to the case for A < 1, yielding the same formulas (3.31) and (3.32).
(ii). Large ϑ. When 1 ϑ −1 and A > 1, the approximation of (3.23), neglecting exponentially small terms, is given by
which can be combined with (3.20) to yield
This equation can be solved as
where C 2 is an integration constant. Since we obtained the solution based on the assumption that ϑ is not small, we cannot use the boundary condition ϑ(0) = 0. To determine C 2 , we need to match the small ϑ solution given by (3.31) with that for large ϑ given by (3.35). Taking the limit of ϑ → 0 from (3.35), we obtain
For large ϑ, i.e., y → 0, (3.31) gives
Comparing the two expressions, the only choice we have is
and the solution becomes
Note that when A 1, C 2 ∼ 1 and ϑ can be approximated by 
The solution for s can be obtained using (3.23).
Solutions in original variables. Using the original variables and θ = θ − α −1 µ ϑ, the temperature solution is given by
for A ≤ 1 and
for A > 1. Here B = F ln(D r )e αµ(θ −1) /2. In both cases, the solution for the cross-sectional area in the original variables is obtained using (3.23)
r , we can obtain F (and F ) by solving the following equation numerically
where θ(1) is evaluated at z = 1 using (3.39) or (3.40), depending on the value of A. In Figures 3.2 and 3 .3, we have plotted both the numerical and the asymptotic solutions for various values of the draw ratio D r and for two different values of the cooling parameter H c , respectively. It can be seen that the solutions agree very well with each other.
4. Dopant Diffusion. Since dopant transport follows a standard diffusion equation, the solution is completely determined by the effective diffusion coefficient. When the diffusion coefficient is small (as in the case of dopant diffusion), the effect of the boundary on the dopant distribution is also small. Therefore, we can ignore the boundary and solve equation (2.30) on an infinite domain as an approximation 2 . In this case, the solution for the dopant concentration can be written as
If we know the value of D, then the Green's function is given by
where I 0 is the modified Bessel function of the first kind. In order to illustrate how the effective diffusion coefficient D is affected by various parameter values, we obtain an asymptotic approximation for the case with no cooling ( = 1). Recall that in this case, the temperature is given by (3.13) 
Since C 1 1, the solution can be found for two cases: when ζ ∼ C (inner solution) which satisfies
2 If we consider the boundary effect, we can use the series solution given by
where λ m are the zeros of J 1 (λ). As long as the diffusion is not too small, only a small number of terms are needed. For small diffusion coefficient values, convergence becomes slow, and we can switch to the solution based on the infinite domain Green's function.
The inner solution can be obtained as
Case II. ζ ∼ 1. In this case, we denote the solution by ϕ (o) (outer solution) which satisfies
The solution can be obtained as
where C 3 is an integration constant.
Matching. To determine the integration constant C 3 and the outer solution, ϕ (o) , we need to match the two solutions as follows
We obtain
Using the original variable, we have
from which we obtain the effective diffusion coefficient as
First, we observe that the leading order part of D is given by
, which is the value of the effective diffusion coefficient when θ = Θ for all z. The correction term C 3 is inversely proportional to
which is only weakly dependent on the draw ratio D r since H f is typically much larger than the other parameters.
On the other hand, D is strongly affected by the Peclet number P. Therefore, the most effective way to control excessive diffusion is to increase P, which can be achieved by using relatively large feeding speed. We note that the diffusion coefficient given here is for the scaled fiber radius. Thus, the absolute length of diffusion is proportional to the fiber radius.
Finally, to find D for the case with cooling, we could solve for the temperature from (2.24)-(2.25) with boundary condition (2.26). The effective diffusion coefficient could be computed using the integral
In general, we can apply numerical methods, e.g., finite difference to solve the flow and temperature equations (2.24) and (2.25) and numerical quadrature to the integral to find an approximation of D. However, since we already obtained an asymptotic solution for the temperature, D can be computed easily by evaluating the integral using numerical quadrature.
Conclusion.
In this paper, we have shown that the long-wave approximation can be used to dramatically simplify the governing equations for dopant transport in optical fiber drawing. The viscosity and diffusion coefficient vary rapidly with temperature, which makes direct numerical simulations difficult. However, we take advantage of these rapid changes to derive asymptotic approximations of the solution. We show that the transport of dopant satisfies a simple diffusion equation with an effective diffusion coefficient that can be computed easily using our asymptotic solution. Our solution shows that the feeding speed is the most effective way to control dopant diffusion from the core into the cladding region. Using our asymptotic solution, other control strategies can also be developed. 
